Abstract. In a series of papers on optimal control problems for the monodomain as well as for the bidomain equations of cardiac electrophysiology, the authors studied existence of minimizers and derived first-order necessary optimality conditions. The analysis of these control problems was based on a regularity discussion for weak solutions, resulting in a stability estimate and a uniqueness theorem for the monodomain and bidomain system, respectively. Unfortunately, the authors recognized a serious error within the proof of these theorems. However, the present investigation shows that the assertions from [ Kunisch/Wagner 12 ] and [ Kunisch/Wagner 13a ] can be maintained with minor changes only but the proofs must be subjected to considerable alterations. In [ Kunisch/Wagner 13b ] , the formulation of the related theorems has been corrected without delivering proofs. Therefore, in the present paper we provide a refined regularity discussion of the bidomain system together with corrected proofs.
We consider the full bidomain system, which represents a well-accepted description of the electrical activity of the heart, as given through Φ tr (x, 0) = Φ 0 (x) and W (x, 0) = W 0 (x) for a. a. x ∈ Ω (1. 10) arising as a special case of (1.1) − (1.6) if the conductivity tensors satisfy M e = λ M i with a constant parameter λ > 0, thus allowing to eliminate Φ e as an independent variable. In a series of papers, 02) the authors investigated optimal control problems related to the dynamics (1.1) − (1.6) and (1.7) − (1.10) together with standard two-variable ionic models, namely the Rogers-McCulloch, FitzHugh-Nagumo and the linearized Aliev-Panfilov model (see Subsection 2.a) below). Using I e as control variable while I i = o,
03)
and relying on a weak solution concept for the monodomain as well as for the bidomain system, the authors studied existence of minimizers and derived first-order necessary optimality conditions.
01) The bidomain model has been considered first in [ Tung 78 The analysis of the control problems is based on a regularity discussion for the weak solutions, which leads to a stability estimate and a uniqueness theorem for the monodomain and bidomain system, respectively. The regularity of the primal solutions influences the existence proof for the adjoint system as well. Unfortunately, the authors recognized a serious error within the proof of these theorems. The present investigation shows that the assertions from [ Kunisch/Wagner 12 ] and [ Kunisch/Wagner 13a ] can be maintained with minor changes only but the proofs must be subjected to considerable alterations. In [ Kunisch/Wagner 13b ] , the formulation of the related theorems has been corrected without delivering proofs. Therefore, in the present paper we provide a refined regularity discussion and corrected proofs.
Our main results read as follows: Theorem 1.1. (Stability estimate for weak solutions of the monodomain system) 04) We consider the monodomain system in its weak formulation (2.9) − (2.11), assuming that Ω ⊂ R 3 is a bounded Lipschitz domain, and M i : cl (Ω) → R 3×3 is a symmetric, positive definite matrix function with L ∞ (Ω)-coefficients, which obeys a uniform ellipticity condition with µ 1 , µ 2 > 0:
(1.11)
1) Let us specify the Rogers-McCulloch or the FitzHugh-Nagumo model. If two weak solutions (Φ tr ′ , W ′ ),
(Ω) and inhomogeneities I i ′ , I e ′ , I i ′′ and I e ′′ ∈ L ∞ ( 0 , T ) , W 1,2 (Ω) * , whose norms are bounded by R > 0, then the following estimates hold:
(1.12)
The constant C > 0 does not depend on I i ′ , I e ′ , I i ′′ and I e ′′ but possibly on Ω, R, Φ 0 , W 0 and p = 4. 
(Ω) and inhomogeneities I i ′ , I e ′ , I i ′′ and I e ′′ ∈ L ∞ ( 0 , T ) , W 1,2 (Ω) * , which satisfy the compatibility conditions Ω I i ′ (x, t) + I e ′ (x, t) dx = Ω I i ′′ (x, t) + I e ′′ (x, t) dx = 0 for a. a. t ∈ ( 0 , T ) , (1. 14) and whose norms are bounded by R > 0, then the following estimates hold:
The constant C > 0 does not depend on I i ′ , I e ′ , I i ′′ and I e ′′ but possibly on Ω, R, Φ 0 , W 0 and p = 4.
2) If the linearized Aliev-Panfilov model is specified then Part 1) remains true provided that
Theorem 1.3. (Uniqueness of weak solutions of the monodomain system) 06) Consider the monodomain system in its weak formulation (2.9) − (2.11) under the assumptions of Theorem 1.1. Specifying the Rogers-McCulloch or the FitzHugh-Nagumo model, the system admits a unique weak solution 
If the linearized Aliev-Panfilov model is specified, this assertion remains true as far as
The error to be corrected was the claim that, under the assumptions of Theorems 1.1. − 1.4., the transmembrane potential Φ tr within a weak solution of (1.1) − (1.6) or (1.
In Section 3 below, we will see that the theorems can be proven without relying on this claim. The paper is structured as follows. We continue with a short collection of notations (Subsect. 1.b) ) and repeat, for the reader's sake, the imbedding theorems for Bochner spaces used below (Subsect. 1.c) ). In Section 2, we start with the desciption of the ionic models, which will be subsequently used (Subsect. 2.a) ). Then we restate the monodomain system in its weak formulation and study the existence and regularity of the weak solutions for the different models (Subsect. the full bidomain system together with existence anmd regularity results for its weak solutions is provided (Subsect. 2.e) − g) ). In Section 3, we deliver the corrected proof of the stability estimates for the monodomain and bidomain system, respectively (Theorems 1. Finally, we use the nonstandard abbreviation "(∀) t ∈ A", which has to be read as "for almost all t ∈ A" or "for all t ∈ A except for a Lebesgue null set". The symbol o denotes, depending on the context, the zero element or the zero function of the underlying space. 
is compactly imbedded into L q ( 0 , T ) , X for arbitrary q ∈ ( 1 , ∞ ).
Theorem 1.6. (A generalization of the Aubin-Dubinskij lemma) 10) Consider three Banach spaces X 0 ⊆ X ⊆ X 1 where the imbeddings X 0 ֒→ X and X ֒→ X 1 are continuous while X 0 ֒→ X 1 is compact. Assume further that there exists a number 0 < ϑ < 1 such that The following models for the ionic current I ion and the function G within the gating equation will be considered:
1) The FitzHugh-Nagumo model.
11)
with 0 < a < 1, κ > 0 and ε > 0. Thus the gating variable obeys the linear ODE
2) The Rogers-McCulloch model.
12)
with 0 < a < 1, b > 0, κ > 0 and ε > 0. Consequently, the ODE for the gating variable is the same as before.
3) The linearized Aliev-Panfilov model.
13)
with 0 < a < 1, b > 0, κ > 0 and ε > 0. The linear ODE for the gating variable is
b) Weak formulation of the monodomain system and known regularity of weak solutions.
The weak formulation of the monodomain system (1.7) − (1.10) reads as follows:
where λ > 0. Under the assumptions of Theorem 1.1., the system (2.9) − (2.11) with either the FitzHughNagumo, the Rogers-McCulloch or the linearized Aliev-Panfilov model admits for arbitrary initial values 
with a constant C > 0, which does not depend on Φ 0 , W 0 , I i and I e . We will investigate now how to improve the regularity of a given weak solution, depending on the model and the regularity of W 0 . 
for all 1 < q < ∞ and all 4 r < 6. In particular, Φ tr ∈ L 5 (Ω T ).
Proof. Concerning the first inclusion, note that on Ω ⊂ R 3 the imbedding 
, and it holds that
(2.14)
Proof. Observe first that W admits the representation 
(by Jensen's integral inequality)
Estimation of the second term yields:
From (2.16) we already know that
remain uniformly bounded. Consequently, for every ε > 0 we may determine δ(ε) > 0 such that
ε, and W belongs to 
Proof. The proof of Proposition 2.1. may be carried over without alterations.
Proposition 2.4. (Gain of regularity for the gating variable)
Consider the monodomain system with the linearized Aliev-Panfilov model under the assumptions of Theorem 1.1., and let a weak solution (Φ tr , W ) of it belong to the spaces in (2.12).
1) Then
3) If 26/9 < r < 3 and
is bounded by a constant depending on r and the norms Φ 0
Proof. Note first that, under the assumptions of the proposition, W is represented as 29) and (2.13) holds still true.
Part 1) By differentiation of (2.29), we get
Part 2) In order to confirm 2), we return to (2.30) and estimate for 2 r < 3
Application of Jensen's integral inequality is still possible since h(v) = v r is convex for 2 r < 3 and v 0.
Consequently, we may continue
which is finite by Proposition 1.6. for all 2 r < 3.
Part 3)
Let us fix an exponent 26/9 < r < 3. Note first that the partial generalized derivatives of Φ tr ∈ L 2 ( 0 , T ) , W 1,2 (Ω) satisfy the identity
Consequently, we find that
(2.47) Since 2 r < 3 implies 2 2r/(4 − r) < 6, Proposition 2.3. ensures that the last expression is finite.
is finite, and W belongs to L 1 ( 0 , T ) , W 1,r/2 (Ω) . On the other hand, since the imbedding
well, and we know from Part 2) that ∂W/∂t belongs to L 2 ( 0 , T ) , L r (Ω) . Now we are in position to apply the generalized Aubin-Dubinskij lemma (Theorem 1.6.) to X 0 = W 1,r/2 (Ω) with 26/9 < r < 3, X = L 8/3 (Ω), 
(Ω) and the continuous imbedding
(Ω) . Finally, Theorem 1.6. yields the norm estimate
and this expression is bounded by a constant
(Ω) and the norms of the inhomogeneities I i and I e . e) Weak formulation of the bidomain system and known regularity of weak solutions.
The full bidomain system (1.1) − (1.6) can be equivalently stated in a parabolic-elliptic form. 16) To this, the following weak formulation corresponds.
Under the assumptions of Theorem 1.2., the system (2.53) − (2.56) with either the FitzHugh-Nagumo, the Rogers-McCulloch or the linearized Aliev-Panfilov model admits for arbitrary initial values
and inhomogeneities
* , which satisfy the compatibility condition 
with Ω Φ e (x, t) dx = 0 for almost all t ∈ ( 0 , T ). Any weak solution obeys the a-priori estimate
with a constant C > 0 not depending on Φ 0 , W 0 , I i and I e . It turns out that the regularity of Φ tr and W within a weak solution (Φ tr , Φ e , W ) of (2.53) − (2.56) can be improved in complete analogy to Subsections 2.c) and d). 
Proof. Under the assumptions of Theorem 1.2., a triple (Φ tr , Φ e , W ) forms a weak solution of the bidomain system (2.53) − (2.56) iff (Φ tr , W ) solves the reduced bidomain system 
, and it holds that Proof. Since the proof of Proposition 2.2. relies exclusively on the structure of the weak gating equation, which is the same in the monodomain and the reduced bidomain system, as well as on the a-priori estimate for W , we may carry over the argumantation without alterations. 
(Ω) for all 1 < q < ∞ and all 4 r < 6. In particular, Φ tr ∈ L 5 (Ω T ).
Proof. Even here, the proof of Proposition 2.1. may be carried over. 
1) Then
Proof. The proof of Proposition 2.4. may be repeated without changes. Throughout the following, C denotes a generical positive constant, which may appropriately change from line to line. C will never depend on the data Φ 0 , W 0 , I i and I e but, possibly, on Ω and p = 4.
• Step 1. The difference of the parabolic equations. From the parabolic equations, satisfied by the pairs (Φ tr ′ , W ′ ) and (Φ tr ′′ , W ′′ ) for almost all t ∈ [ 0 , T ] , we obtain the difference
Inserting into (3.1) the feasible test function ψ = Φ tr ′ (t)−Φ tr ′′ (t) ∈ W 1,2 (Ω) and applying the lower estimate for the monodomain bilinear form, we arrive at
The first term on the right-hand side will be estimated with the help of the generalized Cauchy inequality as follows:
with arbitrary ε ′ 1 > 0. The second term will be estimated with the help of the following lemma.
Lemma 3.1. For all ϕ 1 , ϕ 2 ∈ R, the following identity holds:
Consequently, we find
0 for almost all (x, t) ∈ Ω T and a, b > 0, the inequalities (3.2), (3.4) and (3.6) imply
Now it must be emphasized that (3.7) holds parametrically in t for almost all fixed t ∈ ( 0 , T ). In the subsequent applications of the generalized Cauchy's inequality this will become important since the parameters ε i introduced there must be chosen in a time-dependent way. We apply first the generalized Cauchy's inequality with ε 2 (t) > 0 and subsequently Hölder's inequality to the first term on the right-hand side of (3.7), thus getting
In order to estimate the second term on the right-hand side of (3.7), let us write
(3.14)
Our assumption about W 0 guarantees the applicability of Proposition 2.2. Consequently, we may ensure that
For the third term from the right-hand side of (3.7), we find
using the (noncompact but) continuous imbedding W 1,2 (Ω) ֒→ L 6 (Ω) and applying again the generalized Cauchy's inequality with ε 4 (t) > 0. Specifying now ε 4 (t) = ε
(Ω) with arbitrary ε ′ 4 > 0, we may continue
Assembling now (3.7), (3.10), (3.16) and (3.20), we arrive at the following inequality:
Now we may fix the numbers ε
> 0 in such a way that the terms with Φ tr ′ − Φ tr
on both sides of (3.21) will be annihilated. We arrive at d dt
• Step 2. The difference of the gating equations. Inserting into the difference of the gating equations for
the feasible test function ψ = W ′ (t) − W ′′ (t) and applying Cauchy's inequality to the second term, we get the estimate
• Step 3. The estimates for the differences
. After enlarging and equalizing the factors on the right-hand sides, the inequalities (3.22) and (3.24) yield together
Note that here ε > 0 is the given one from (2.5).
where
.
(3.27)
Gronwall's inequality implies now that
by (2.13), Proposition 2.2. and the assumption about the uniform bound R > 0 for the norms of the inhomogeneities. Summing up, we obtain from inequality (3.29) the following estimates:
• Step 4. The estimate for the difference
. In (3.21), the numbers ε ′ 1 , ... , ε ′ 4 > 0 may be alternatively chosen in such a way that
(3.37)
This implies the following modification of (3.26):
Together with (3.34) and (3.35), we obtain
We integrate (3.39) over [ 0 , T ] and find, inserting the identical initial values
This implies the desired estimate
• Step 5. The estimate for the difference
. Into equation (2.21), we insert the test function ψ = (∂W ′ (t)/∂t) − (∂W ′′ (t)/∂t) which, by Proposition 2.2., belongs to L 2 (Ω T ) and is therefore admissible. Then we get with the generalized Cauchy's inequality
for arbitrary ε 
Combining (3.45) with (3.36), we get finally:
• Step 6. The estimate for the difference Φ tr ′ − Φ tr
Exploiting the definition of the dual norm, we see that
(estimating the first and second term by using the continuous imbedding
. Now we estimate the three terms on the right-hand side of (3.49) separately. For the first term, we get
For the second term, we obtain from the continuity of the monodomain bilinear form and (3.42):
(3.54) In order to estimate the third term, we write, relying on Lemma 3.1.,
For J 1 , we obtain
(3.59)
Further, from Proposition 2.2. we get
is uniformly bounded by the norms of the initial data and the bound R of the norms of the inhomogeneities, we arrive at
Finally, J 3 will be estimated through
Summing up, the estimates (3.60), (3.63) and (3.65) imply for the third term in (3.49)
By Proposition 2.1., Φ tr ′ and Φ tr ′′ belong to L 32 ( 0 , T ) , L 4 (Ω) indeed, and the Aubin-Dubinskij lemma (Theorem 1.5.) yields the norm estimates 
(3.74)
Assembling (3.49), (3.52), (3.55) and (3.74), we obtain
With (3.34), we get finally
as claimed.
• Step 7. The arguments from [ Bourgault/Coudière/Pierre 09 ] , p. 478, Subsection 5.3., may be repeated in order to confirm that the left-hand side in (3.34) can be replaced by Φ tr ′ − Φ tr
Note that (3.46) implies a bound for
as well, and the proof is complete. If the Rogers-McCulloch model is replaced by the FitzHugh-Nagumo model then the proof can be repeated with some obvious modifications.
Part 2) Let us specify now the linearized Aliev-Panfilov model instead of the Rogers-McCulloch model and consider the additional assumption about the regularity of W 0 . As a consequence, Proposition 2.4., 3) ensures that
(Ω) .
• Step 1. Thus from the proof of Theorem 2.1., Step 1 can be taken over without alterations.
• Step 2. The estimates (3.23) ff. must be replaced as follows:
Inserting the feasible test function ψ = W ′ (t) − W ′′ (t), we obtain
which, after an appropriate choice of ε ′ 8 > 0, allows to continue the estimations as above.
• Step 3. In the case of the linearized Aliev-Panfilov model, we get from (3.29)
instead of (3.33).
• Step 4. This step can be taken over without changes.
• Step 5. Instead of (3.43), we find by inserting the feasible test function ψ = (∂W 
, and the estimates may be continued as before.
• Step 6 and Step 7. In Step 6 of the proof of Part 1), no more regularity of W ′ , W ′′ as provided by Proposition 2.4., 3) has been exploited. Consequently, the proof can be finished as above.
The proof of Theorem 1.2. relies completely on the equivalence of the weak bidomain system (2.53) − (2.57) with the reduced bidomain system (2.60) − (2.62). The monodomain form M and the bidomain form A satisfy the same norm estimates, the weak solutions of both systems obey the same type of a-priori estimates, and [ Kunisch/Wagner 13a ] , p. 959 f., Lemma 2.9., yields for arbitrary ε 0 > 0 the estimate
for the difference of the right-hand sides where the constant C > 0 does not depend on ε 0 , I i and I e and even not on Φ 0 and W 0 . Consequently, we may carry over Steps 1 − 7 from the proof of Theorem 1.1. The proof of the estimate for
from the difference of the elliptic equations was not influenced by the error to be corrected. 
6) [ Kunisch/Wagner 12 , pp. 1534 − 1537, Proof of Theorem 3.9. ] The proof with the necessary corrections is repeated here.
• Step 1. Improved regularity ofΦ tr andŴ . Under the assumptions of the theorem, the adjoint equations read as follows:
From Propositions 2.1. and 2.2., we see thatΦ tr ∈ L 5 (Ω T ) whilê
23)
• Step 2. For any P 1 ∈ L 4 (Ω T ), the terminal problem for the adjoint ODE admits a unique (weak or strong)
. It is obvious that the problem
admits the unique solution 5) which is continuous in time on [ 0 , T ] and even differentiable in time on ( 0 , T ). In order to confirm the integrability with respect to x, we estimate where the right-hand side is finite due to the continuous imbeddingΦ tr (t) ∈ W 1,2 (Ω) ֒→ L 4 (Ω). Consequently, P 2 belongs to the space
• Step 3. For any P 2 ∈ L 2 (Ω T ), the terminal-boundary value problem for the parabolic adjoint equation admits a unique weak solution P 1 ∈ L 2 ( 0 , T ) , W ] is still justified.
• Step 4. For two functions P
(Ω T ), the corresponding solutions of the terminal problem for the adjoint ODE satisfy
Applying Jensen's integral inequality and Hölder's inequality, we may argue that
•
Step 5. For two functions P ′ 2 , P ′′ 2 ∈ L 2 (Ω T ), the corresponding solutions of the terminal-boundary value problem for the parabolic adjoint equation satisfy 
. (4.11)
• Step 6. Application of Banach's fixed point theorem. We consider the operator which assigns to a given pair (P 1 , P 2 ) the new pair (IP 1 , IP 2 ) arising from the solution IP 2 of the adjoint ODE after insertion of P 1 and the solution of the adjoint parabolic problem after insertion of IP 2 . Let us prove now the contractivity of this operator. We start with two pairs (P
. From (4.8) and (4.10), we get
2 (Ω) dτ (4.13)
dτ .
(4.14)
Defining the functions
and f (t) = P 
